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FREE VIBRATIONS OF BEAM-LIKE STRUCTURES

VIGGO TVERGAARD

Department of Solid Mechanics, The Technical University of Denmark, Lyngby, Denmark

Abstract-The purpose of this paper is to present a generalized beam theory by which a number of beam-like
structures may advantageously be treated as beams.

The equations of motion are deduced including the effect of rotatory inertia. Considering free harmonic
vibrations, the resulting eigenvalue problem, which consists of two simultaneous second order differential
equations and four boundary conditions, is solved by a conventional technique using successive approximations.

The power of this theory is demonstrated in a few simple examples. The natural frequencies of some beam
like trusses are computed and the results are compared with results of the Bernoulli-Euler and Timoshenko
beam theories.

1. INTRODUCTION

TRUSSES, even slender ones, cannot in general be treated adequately as one-dimensional
structures by the existing beam theories. However, the possibility of applying a one
dimensional beam theory to the calculation of beam-like structures would be a considerable
advantage due to the simplification. It therefore seems motivated to look for a theory
more general than the Bernoulli-Euler or the Timoshenko beam theories, by which a
larger class of elastic structures could be appropriately handled as "beams". In this
paper such a theory is developed, and a numerical procedure for the calculation of natural
frequencies is introduced. A few examples are included to show how satisfactorily such
structures may be treated as generalized beams even when conventional beam theories
prove to be inadequate.

In the derivation of the differential equation for vibrating beams Bresse [1] was the
first to include the effect of rotatory inertia. Timoshenko [2] included the effect of the
transverse shear force in addition to this. He replaced Bernoulli's assumption that plane
cross-sections stay perpendicular to the beam by the assumption that the angle between
the middle line of the beam and the normal of the cross-section is proportional to the
transverse shear force. This leads to a system of two differential equations, which has
been solved by a number of authors. For example, Anderson [3] gives a series-solution,
and Huang [4] applies the methods of Ritz and Galerkin. Herrmann [5] has given formal
solutions for forced vibrations with time dependent boundary conditions in uniform
Timoshenko beams.

2. A GENERALIZED BEAM THEORY

The beam in consideration is straight, elastic and symmetrical about the plane in
which all loads act. In this section we shall derive constitutive equations and equations
of equilibrium for this beam.

In Fig. 1 the positive directions are defined for forces and couples acting on a small
element of the beam. The bending moment is denoted M, the transverse shear force is
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T. ~dx

T

FIG.!. Loads on an element of the beam.

denoted T, an external force is q . dx and an external couple is m . dx. Figure 2 shows the
positive directions of the transverse deflection y, the angle of rotation of the cross-section v
and the angle y between the normal of the cross-section and the middle line.

y

FIG. 2. Deformations of an element of the beam.

Constitutive equations

In order to derive the constitutive equations we must find the components of the
generalized strain vector corresponding to the generalized stress components M and T.
If the beam material is linearly elastic, the strain energy contained in a small element of
the beam is

1{dV (dY )}dltj = tM dv+tTy dx ="2 M dx+ T dx -v dx. (2.1)

Consequently, the components of the generalized strain vector are dv/dx and dy/dx - v.
Thus we can write the general linear constitutive equations in the form

(2.2)

(2.3)

where a lI (x), a I 2(x), a21 (x) and a22(x) are characteristic functions of the beam.
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In the special case a12 == a2l == 0, all = IIEl and an = Jl/GA, equations (2.2) and
(2.3) reduce to the constitutive equations of Timoshenko beams, and if, furthermore,
an == 0, these equations reduce to the Bernoulli-Euler beam equation.

In the last section of this paper the beam functions are determined for a special example
of a beam-like structure, and the results of the present beam theory are compared with
results of the Bernoulli-Euler and Timoshenko theories.

Equations of equilibrium

For a small element of the beam, equilibrium of the forces results in the equation

dT
--=q

dx

and equilibrium of the couples gives

dM
- dx -T= m.

Using equations (2.2) and (2.3) and introducing the expression

(2.4)

(2.5)

(2.6)

the bending moment M and the shear force T may be expressed in the following way

M = an dv _ a 12 (dY -v)
D dx D dx

T = _ a2l dv +~(dY-v).
D dx D dx

(2.7)

(2.8)

We substitute the bending moment M and the shear force T from these equations in
the equations of equilibrium (2.4) and (2.5). This leads to the following system of differential
equations

(2.9)

(2.10)

where the symbol' denotes the derivative d/dx.
In the following we shall often write the equations of equilibrium (2.9) and (2.10) in

the form

L[z] = r (2.11)

where the load vector r = {:} is a column vector, and L[ ] stands for a column vector

in which the components are linear differential operators. The vector z = (y, v) is a row
vector.
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Boundary conditions

The system of differential equations (2.9) and (2.10) can be reduced to a system of four
linear ordinary differential equations of first order if we introduce two new variables,
u = y' and w = v'. Consequently we need exactly four linearly independent boundary
conditions to obtain a unique solution of the equations of equilibrium [6].

Some typical cases of the two boundary conditions that appear at each end of the beam
are shown in Table 1.

TABLE I

Clamped
Simply supported
Free
Elastically supported
and elastically clamped

y=v=o
y= M = 0
T= M 0

T= Sl.V, M

If we replace the bending moment M and the shear force T by the expressions (2.7)
and (2.8), all boundary conditions of Table 1 become linear homogeneous differential
expressions in y and v. Consequently, we can write the set of boundary conditions in the
homogeneous form

Vn[Z] = 0, for n = 1,2,3,4. (2.12)

Maxwell's theorem

We consider two conservative load vectors i\(x) and f2(X) for the beam. The corres
ponding solutions of the boundary value problem defined by equations (2.11) and (2.12)
are Z1 and 22 , Then Maxwell's theorem for the beam can be written in the form

(2.13)

or in the form

J~ {zlL[zz]-zzL[Zl]} dx = 0 (2.14)

where I is the length of the beam.
After substitution of equations (2.9) and (2.10) in equation (2.14), we can prove that a

necessary condition for Maxwell's theorem is

(2.15)

of the

We note the analogy between the symmetrical property (2.15) of the coefficient func
tions for a continuous system and the corresponding property of the flexibility matrix
for a system with a finite number of degrees of freedom.

Strain energy

Integrating the strain energy (2.1) of a small beam element over the length
beam, we find the total strain energy

(2.16)
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As the strain energy has to be positive, the integrand of equation (2.16) can never be
negative for any combination of the bending moment M and the transverse shear force T.
This leads to the following necessary conditions

(2.17)

If either all = 0 or a22 = 0 equations (2.16) and (2.15) result in the additional condi
tion

(2.18)

However, if all> 0 and a22 > 0, which is the interesting case in this paper, we find
instead the following condition

-2-}(allan} < all +a21 < 2-}(aIlan}. (2.19)

By application of equation (2.15) this condition can be written in the form

(2.20)

Consequently, the denominator appearing in equations (2.7) and (2.8) is always positive.

3. VmRATIONS OF THE BEAM

In the following we deduce the equations of motion of the beam. This leads to an
eigenvalue problem, for which we shall introduce the orthogonality relation and Rayleigh's
quotient.

Free vibrations
The external loads are equal to the d'Alembert loads q(x, t) = - pA(02 Y/ot2) and

m(x, t) = - pI(02 V/ot2), where the cross·sectional area is A(x), the area moment of inertia
of the cross-section is I(x), the mass density of the beam material is p and t denotes the
time. Substituting these loads in equations (2.9) and (2.10) we obtain the equations of
motion

~{a21 oV_~(OY V)} = _pA
02y

ox D ox D ox ot2

~ {_ an oV+al2(OY_V)} + {a21 oV_~(OY_V)}
ox D ax D ox D ax D ax

We consider solutions in the form

Y(x, t) = y(x) eipt

V(x,t) = v(x)eiPt
•

(3.1)

(3.2)

(3.3)

(3.5)

(3.4)

Replacing Yand V in equations (3.1) and (3.2) by (3.3) and taking A = p2, we find the
following two simultaneous, linear, homogeneous, ordinary differential equations

{ }'a21 , all ,liv -li(Y v) = ),pAy

{
,

a22 , all , a21 , all ,
--v +-(y -V)} +{-v --(y -V)} = AplvD D D D .
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(3.6)

(3.11 )

Together with four boundary conditions, equations (3.4) and (3.5) form an eigenvalue
problem. Making use of equations (2.11) and (2.12), and introducing the vector operator

N[z] = {~~~J we can write the eigenvalue problem in the form

L[z] = AN[z]

Un[z] = 0, for n = 1,2,3,4.

We now define the following two classes of vectors:

1. A comparison vector z (y, v) is any pair of functions that satisfies all the boundary
conditions and possesses continuous derivatives of second order.

2. An eigenvector z = (y, v) is any pair of functions that solves the eigenvalue problem.

The vector z == 0 is excluded from both classes.

The orthogonality relation

An eigenvalue problem in the form (3.6) is called self-adjoint when it satisfies the
following two relations

J~ {ZtL[zz]-zzL[zd} dx = 0 (3.7)

{{ZtN[Zz]-zzN[ztJ} dx= 0 (3.8)

for any two comparison vectors Zt and zz. By application of equations (3.4) and (3.5)
it can be shown that equation (3.7) is satisfied for any combination of the boundary condi
tions of Table 1 and that equation (3.8) is satisfied regardless of the boundary conditions.

Since the eigenvectors Zi are included in the class of comparison vectors, we find,
by substitution of (3.6) in (3.7),

J~ {ziN[Zj]Aj- zjN[Z';]..q dx = O. (3.9)

Making use of equation (3.8), we convert (3.9) into the equation

(Ai-A) { ZiN[Zj] dx = 0 (3.10)

which leads to the orthogonality relation for the beam

{ (PAYiYj+ plvivj)dx = 0, for Ai ¥= Aj.

Rayleigh's quotient
An eigenvalue problem in the form (3.6) is called full-definite if it satisfies the following

two relations

{ZL[Z]dX > 0

f~ zN[z] dx > 0

(3.12)

(3.13)
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(3.14)

for any comparison vector z. Application of equations (3.4) and (3.5) shows that (3.13)
is satisfied regardless of the boundary conditions and that (3.12) is satisfied for any com
bination of the boundary conditions of Table 1, except when the beam is free at both ends.

Now we introduce Rayleigh's quotient

_ S~zL(zJ dx
R[zJ = f~zN[zJ dx'

When the boundary conditions are a combination of the conditions shown in Table 1,
Rayleigh's quotient can be written in the form

r{a22(V')2_(a 12+a2i)V'(Y'_V)+~(Y'_V)2} dx

R[y, vJ = 0 D ~(PA~2 +plv2 ) dx D (3.15)

Using Green's functions we can go through a number of proofs analogous to those
of Collatz [7J but extended to cover also eigenvalue problems of the type (3.6). Assuming
that the eigenvalue problem is self-adjoint and full-definite, we can prove that if Ai is the
smallest eigenvalue and z is any comparison vector, Rayleigh's quotient satisfies the
inequality

(3.16)

Ifz is restricted to being any comparison vector that is orthogonal to the first s - 1 eigen
vectors, we find

R[zJ ~ As.

4. NUMERICAL SOLUTION

(3.17)

The eigenvalue problem (3.6) can be solved by successive approximations. We make
use of the iteration scheme

for i = 1,2, ... (4.1)

Un[h i , giJ = 0

which can be started with any pair of integrable functions (ho, go)~ (0,0). Depending on
the size of Ai' the numerical values of hi(x) and gi(X) will tend to converge against either
oor 00, and consequently, it is practical to normalize the comparison vector (hi' gi) after
each iteration:

(H G) (hi' gJ
i, i = Irr1 ( Ah~+ I ~)d J''Y LJo P,P g, X

(4.2)

The iteration is stopped when the vector (Hi' Gi ) becomes stationary or, in practice, when

(4.3)
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where G is a small positive constant. The smallest eigenvalue is determined approximately
by the Rayleigh quotient

(4.4)

By analogy with Koch's method [7J we can determine the sth eigenvector. We make
use of the iteration scheme

together with the orthogonalization

for i = 1,2, ... (4.5)

(4.6)

in which the first s-I eigenvectors (Yj' v) are approximated by those determined by suc
cessive iterations. Using equation (4.2), we further normalize after each iteration, and
finally, according to (3.17), the sth eigenvalue is

(4.7)

Formal integration of the differential equations

The easiest way to carry out one step of the iteration (4.1) is by numerical integration.
Here we shall deduce the necessary formulas.

Integration of equation (3.4) results in

(4.8)

a12} {M(X)}
an T(x)

and substituting this into equation (3.5), we find by integration

- a~2v'+ a~2(y'_v) = ,{I: (P/v- J: PAYd~) d~-CIX+C2J = -M(x). (4.9)

These two equations can be solved with respect to v' and Y' - v:

{

an _ a

12

!{ v' !{M(X)!
_a;. .:' y' _" ~ T(x)

{ V'} {all
y'-v = a

21
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and the results are

(4.12)

(4.11)

-a21C2-a22 LX PAYd~-a22C1J.

By integration of equation (4.10) we obtain

v = A.[ - f{ all s: (P/v-f PAYdll ) d17+ a12 {PAYd17}d~

-C1s: (-all~+add~-C2 s: all d~+C3l

and substituting equation (4.12) in equation (4.11), we find by integration

Vi = A.[ -all s: (P/v- {PAYd17)d~+allClx-allC2-a12s: PAYd~-a12C1J (4.10)

i-v =A.[ -a21I (P/v- f: PAYd17) d~+a21Clx

-f PAYdll ) d17- a22 s: pAy d 17 }d~-Cl s: u: (-all17+add17-a21~+a22) d~
(4.13)

(4.14)

/ ntegration constants

During each iteration the four integration constants are determined from the boundary
conditions. As an example, substitution of the boundary conditions y(O) = v(O) = M(l) =
T(l) = 0 in equations (4.8), (4.9), (4.12) and (4.13) leads to the constants

C1 = - f~ pAydx

C2 = -I {PAYdX- {(P/v- s: PAYd~) dx

C3 = 0

C4 = O.

By analogy with (4.14), the constants have been determined for all combinations of
the boundary conditions of Table 1.

The successive approximation method described in this chapter has been used to
build up a computer programme that can solve the eigenvalue problem (3.6). In the pro
gramme all functions of x are defined only at a finite number of points.
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5. APPLICAnONS

It has now been demonstrated how the natural frequencies can be found for a beam
with the constitutive equations (2.2) and (2.3), but we still have to determine the beam
functions all(x), a12(x), a21 (x) and a22(x) for any specific beam-like structure we wish to
examine.

Timoshenko beams

Timoshenko beams are, as already mentioned, a special example of our beam, with
the functions all = 11El, a22 = JiIGA and a12 =a 21 =O. To find eigenvalues and eigen
vectors of Timoshenko beams, the method of successive approximations is a powerful
tool, especially in the case of non-uniform beams.

Five mutually orthogonal eigenvectors for a simply supported uniform beam are
shown in Fig. 3. The rotations v(x) of the cross-sections are indicated by lines across the

/ / / / / / / / / /
2./ III IIII 7 I

3.

4.

/; 7/ ! I \ \ \ "~
5. 7 I I \ \ \

FIG. 3. Eigenvectors for a Timoshenko beam.

deflection curves. By application of the computer programme these five eigenvectors
were found to belong to the five smallest eigenvalues of a beam of thin-walled circular
cross-section with radius equal to ±of the length of the beam. If the beam becomes more
slender, the eigenvalues belonging to eigenvectors of type 2 and 5 become relatively high
[3,4], while the eigenvectors of type 1,3 and 4 converge towards the modes of Bernoulli
Euler beams.

Plane trusses

A number of plane trusses can be considered as beam-like structures. Here we shall
examine trusses composed of sections of the type shown in Fig. 4.

When the truss in Fig. 4 is loaded at the joints, average values of the beam deflection
y and the rotation v can be determined from the joint-displacements, which are found
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FIG. 4. One section of a plane truss.
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by use of the ordinary truss-theory. Now we find y and v for two load systems, which
result in linearly independent combinations of the bending moment M and the transverse
shear force T in the middle cross-section s-s. Then making use of the following finite
difference formulation of equations (2.2) and (2.3):

(5.1)

(5.2)

we are able to determine the four constants all' a 12 , a 21 and a22. If the cross-sections
containing the joints are absolutely rigid, the condition (2.15) is satisfied, but since the
vertical bars are normally elastic, equation (2.15) is not exactly satisfied in general. Finally,
the definition of the deflection y and the rotation v affects the values of the beam func
tions. In the present calculation only the two joints outside the middle line are used to
define y and v.

The beam theory cannot be used to describe the deformations inside one truss-section,
but if the truss is composed of more sections, as in Fig. 5, the theory may provide quite
a good approximation. Applying the beam theory, we must know the beam functions
for all values of x. As a reasonable approximation we consider the functions to be constant
within each section of the truss.

The trusses shown in Fig. 5 are composed of prismatic bars with the cross-sectional
area Ab, Young's modulus Eb, the mass density Pb' and the area moment of inertia lb.
The beam functions at the middle of each of the seven different sections appearing in these
plane trusses are given in Table 2.

Timoshenko beams have the constitutive equations

dv 1
-=-M
dx El

dy J.I.
dx -v = GA T.

(5.3)

(5.4)

For the section of a plane truss shown in Fig. 4 the values of the flexibility functions 11El
and J.l.IGA may be determined by a method analogous to equations (5.1) and (5.2). This
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x Truss No. I

Truss No.2

x Truss NO.3
(the six joints on Ihe x-axis carry masses of 127 .
PbAb~)

x Truss No.4

True value Bernoulli- Timoshenko Present
J(A,). J(~2Pb/Eb)'104 (Appendix A) Euler theory theory beam theory

Truss No. I 301 290 263 307
(-4%) (-13%) (+2,0%)

Truss No.2 230 290 263 233
(+26%) (+14%) (+1,3%)

Truss No.3 91 109 87 89
(+20%) (-4~~) (-2,2%)

Truss No.4 356 307 277 366
(-14%) (-22%) (+2,8%)

FIG. 5. Smallest natural frequencies of four plane trusses. Parentheses contain relative errors in per cent.
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leads to the values of the functions all and a22 given in Table 2. The Bernoulli-Euler
theory neglects the function Ji/GA.

Now, considering the four trusses of Figure 5 as beams, we compute the natural fre
quencies of these structures by applying each of the three beam theories. The first natural
frequency is given in the table of Fig. 5 for each case.

For comparison we use an exact iterative method that also takes into account the
transverse vibrations of the bars (Appendix A). The slenderness of the bars is determined
by the parameter Ib/(Ab~2) = 1.30.10- 4

, where ~ is the length of one section. The effect
of these transverse vibrations is rather unimportant for all four trusses considered, since
the first natural frequency of these structures is much smaller than the smallest natural
frequency of any of the bars. However, if the six concentrated masses are removed from
truss No.3, the beam theories result in a first natural frequency, which is much higher
than the true value. This is due to the fact that the first natural frequency of a truss must
always be less than the smallest natural frequency of any of the bars.

In the table of Fig. 5 the results of the beam theories for the trusses are compared with
the exact values. The beam theory presented here leads to the best result in all four cases.
Truss No.1 and truss No.2 are actually the same structure clamped at different ends,
and we note that the Bernoulli-Euler and the Timoshenko beam theories lead to the same
results for the two structures, whereas the present beam theory describes the difference.
Although the Timoshenko theory usually leads to better results than the Bernoulli-Euler
theory, surprisingly this is not the case for two of the four examples. The reason is that there
is one important property of the trusses that cannot be described by either of these two
theories. This fact can be illustrated by the following example: a transverse load at cross
section 2 of truss No.4 results in a deflection at the end of the "beam" in the opposite
direction to the load. Neither the Timoshenko theory nor the Bernoulli-Euler theory
could lead to this result. However, the present beam theory accounts for such behaviour.

Trusses are just one example of beam-like structures that can be treated by this
generalized beam theory. It is presumably also applicable to a number of other structures
such as beam-like frames and shells. The application to a class of axisymmetricaI thin
shells is currently being investigated by the author.
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APPENDIX A

Vibrations of plane trusses

When a plane truss vibrates freely, the d'Alembert loads result in transverse deflections
of the bars. Taking into consideration the effect of these deflections, we determine the
smallest natural frequency of the truss by means of the following iterative procedure.

Step (a). The struss)s assumed to vibrate freely with a certain frequency n, and since we
neglect damping, the bars have to vibrate in the same frequency and phase as the whole
structure. Figure Al shows one of the bars in forced vibration with frequency n. The

FIG. AI. One bar in vibration.

differential equation for the deflection of a bar:

(Elw")" = n2pAw

has the general solution

w(x) = Ct cosh(rx)+Cz sinh(rx)+C3 cos(rx)+C4 sin(rx)

where the constant r is given by the expression

The four integration constants are determined from the boundary conditions:

w(O) = U t , w"(O) = 0, w(l) = Uz, w"(l) 0

(AI)

(A2)

(A3)

(A4)

and having done this for all bars of the truss, we determine Rayleigh's quotient from the
maximum strain energy and the maximum kinetic energy of the whole structure. We thus
have a new estimate of the frequency n, and step (a) is repeated until n is stable.

Step (b). The loads at the joints equivalent to the maximum d'Alembert loads on the
whole structure are calculated, and again making use of the stiffness method, we obtain
the joint displacements due to these loads. We then return to Step (a).

The iteration is stopped when the value ofn passing Step (b) has become stable.
Even though the iteration converges, it does not always converge towards the smallest

frequency unless special measures are taken. In this programme we make use of the fact
that the first natural frequency of the truss is always smaller than the first natural frequency
of any of the bars.

(Received 13 June 1970; revised 28 September 1970)



Free vibrations of beam-like structures 803

A6cTpaKT-UeJlblO HaCTOliUleH pa60TblllBJllIeTCli npe.lJ,CTaBJleHlle o606U1eHHOH TeopHH 6aJlKIl, C nOMOll\blO

KOTOpOH MOl[(HO COOTBeTCTBeHHO peUlIlTb HeKOTopoe '1IlCJlO 6aJlKOnO.lJ,06HblX KOHCTpyKllllH B CMblCJle

6aJlOK.

BblBO.lJ,lITCll ypaBHeHllli .lJ,BIll[(eHllll, 3aKJlIO'IalOll\lle 3<!><!>eKT HHepllll1l Bpall\eHllll, PaCCMaTpHBali

CBo6o.lJ,Hble rnpMOHIl'lecKlle KOJle6aHIl1l, B pe3YJlbTaTe peUlaeTCli 3a.lJ,a'la Ha co6CTBeHHble 3Ha'ieHllll,

KOTopali COCTOIlT 113 .lJ,ByX COBMeCTHblX .lJ,1l<!><!>epeHl.[llaJlbHblX ypaBHeHIlH BToporo nOpll.lJ,Ka H '1eTblpblX

rpaHIl'leCKHX YCJlOBIlH, C nOMOll\blO 0611\enpllHlITblM cnoco60M nOCJle.lJ,OBaTeJlbHblX npIl6J1Ill[(eHHil..

npe.lJ,CTaBJllIeTCli .lJ,OCTOHHCTBa 3TOil. TeopHIl Ha HeCKOJlbKHX npOCTblX npllMepax. PeUlalOTCli CBo6o.lJ,Hble

'1aCTOTbl HeKOTopblX 6aJlKOnO.lJ,06HblX <!>ePM. Pe3YJlbTaTbl cpaBHIlBalOTCli C pe3YJlbTaTaMIl Teopllll 6aJlOK

EepHyJlJlIl-3iiJJepa II THMOUleHKIl.


